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4.1 Introduction

Our presentlayunderstandingndmethodsof modelingneuralexcitability have beensig-
ni cantly in uenced by the landmarkwork of HodgkinandHuxley. In a seriesof ve ar
ticles publishedn 1952 (Hodgkin,Huxley andKatz 1952,HodgkinandHuxley 1952a—di
theseinvestigatorqtogethermwith BernardKatz, who wasa coauthorof theleadpaperand
acollaboratorin seseralof therelatedstudies)urveiledthekey propertiesof theionic con-
ductancesinderlyingthenene actionpotential.For this outstandingchie&zement Hodgkin
andHuxley wereawardedthe 1963Nobel Prizein Physiologyand Medicine (sharedwith
JohnEcclesfor hiswork onpotentialsandconductanceatmotoneurorsynapses)The rst

four papersin the seriessummarizean experimentaltour deforce in which Hodgkin and
Huxley broughtto bearnew experimentaltechniquedor characterizingnembranegorop-
erties. The nal paperin the seriesplacesthe experimentaldatainto a comprehense
theoreticaframenork thatformsthe basisof our modernviews of neuralexcitability. For
adiscussiorandreview of theseseminalpapersseeRinzel (1990).

HodgkinandHuxley indeedwereawarethattheir ndings andideashadbroadimplica-
tions;they implicitly acknavledgedthisby thetitle of their fth paperHodgkinandHuxley
1952d),which wasthe only onein the seriesnot to explicitly mentionthe squidby name.
Althoughthe squidgiantaxonultimately may have senedasa meando anend,thisis not
to dery the squidher propercredit. Her generosityin providing a technicallycorvenient
preparation— a gagantuaraxon,upto 1 mmin diameter— is oftenacknavledged.Less
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30 Chapter 4. The Hodgkin-Huxlgs Model

widely appreciateds the fortuitousfact that, relative to mostexcitable nere membrane,
the squidaxonis a simplesystemwith basicallyonly two typesof voltage-dependermion-

ductances.Today we know of mary more conductanceypesthat can contritute to the

excitability of nene cells(Llinas1988;also,seeChapter7 in this volume). Thesquidaxon

membranavasanidealmodelsystemjt presente@suitablygenericandtractableproblem,

the solutionof which gave riseto powerful new techniquesindfundamentatoncepts.

In this chapterwe explorethe Hodgkin-Huxlegy (HH) modelusinga GENESIStutorial
simulationcalled Squid Before describingthe mathematicamodel and performingthe
simulationswe provide a brief historicaloverview, sothatthereademay betterappreciate
the scienti ¢ impactthis work hadat the time andhow it hascometo shapeour present
understandingf neuralexcitability. In exploring the HH modelin this chapter we will
only beableto touchon someof the highlights. For afuller appreciatiorof the model,we
recommenda carefulreadingof theoriginal paperHodgkinandHuxley 1952d).Additional
historicalandbiophysicalbackgroundnthe HH modelmayalsobefoundin Cole (1968),
Hodgkin(1976),andHille (1984).

4.2 Historical Background

For perspectie, we bagin by recountinghe experimentakvidenceandtheoreticatoncepts
aboutneuralexcitability thatexistedatthetime whenHodgkinandHuxley weredeveloping
theirideasandtechniguesAt thattime, it wasknown thatnene cellshada low-resistance
cytoplasmsurroundedy a high-resistancenembranethat the membranehad an associ-
atedelectrical capacitanceand that therewas an electrical potential differencebetween
the inside andthe outsideof the cell. It is importantto note that until about1940,there
wasno way to measurehe membrangotentialdirectly. Priorto thattime, obserationsof
nene cell activity weremadeonly with extracellularelectrodeswhich are capableof de-
tectingelectricalactvity andactionpotentialsbut only provide indirectinformationabout
themembrangotentialitself.

A key pieceof experimentaldataon neuralexcitability was obtainedwhen Cole and
Curtis (1939)useda Wheatstondridgecircuit to obtainthe rst corvincing evidencefor a
transientncreasen membraneonductanceluringanactionpotential. Their resultswere
generallyconsistentvith a popularhypothesigproposednuchearlierby Bernstein(1902)
that predicteda massve increasein membranepermeabilityduring an action potential.
Bernsteinhad formulatedhis hypothesisby reasoningas follows. It wasknown that a
cell's membraneseparatedolutionsof differentionic concentrationsyith a muchhigher
concentratiorof potassiuminsidethanoutside,andthe oppositefor sodium. By applying
Nernststheory Bernsteinvasledto suggesthattherestingmembranavassemipermeable
only to potassiumjmplying that at restthe membrangotentialVy, shouldbe closeto the
potassiumequilibrium potentialEx of about 75 mV. Then,during actvity, he believed
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thata “breakdavn” in the membranes resistanceo all ionic ux eswould occurandthe
potentialdifferenceacrossthe membraneshoulddisappear;j.e., Vi, would tendto zero.
Althoughthe conductancéncreaseobsered by Cole and Curtis (1939)during the action
potentialwasqualitatively consistentith Bernsteins hypothesistheincreasevasnot as
large asonewould expectfrom anextensve membrandreakdavn.

During a postdoctoralisit in the U. S. spanningl937-38,Hodgkin establishedies
with Cole's group at ColumbiaUniversity and worked with themalso at WoodsHole in
the summer He andCurtis almostsucceedeth measuring/n, directly by tunnelingalong
the giantaxonwith a glassmicropipette(Fig. 4.1A). Eventually bothHodgkinandCurtis
succeedeth this endesor, albeitwith othercollaboratorgCurtisandCole 1940,Hodgkin
andHuxley 1939),andthey foundnot only did V, risetransientlytoward zero,but surpris-
ingly therewasa substantiabvershootsuchthatthe membrangotentialactuallyreversed
in signatthe peakof theactionpotential(Fig. 4.1B). This resultbroughtinto seriousques-
tion Bernsteins simpleideaof membrandreakdevn andprovided muchfood for thought
during the spanof World War Il whenHodgkin, Huxley, and mary other scientistswere
involvedin thewar effort.

Furtherinsightsinto the natureof themembranehangeshatoccurredduringanaction
potentialrequiredthe developmeniof two importantexperimentatechniqueseferredto as
thespaceclampandthevoltage clamp Thespaceclamptechniquevasdevelopedby Mar-
mont (1949)and Cole (1949) asa meansof maintaininga uniform spatialdistribution of
membranesoltageVy, overtheregion of the cell whereonewasattemptingto measurehe
membranecurrent. This could not be accomplishedisingthe intracellularcapillary elec-
trodetechniquethathadbeendevelopedto directly measuranembranegotentials(Curtis
andCole 1940,HodgkinandHuxley 1939). Thetip of the capillary electrodeactedessen-
tially asa pointsourceof currentthatwould o w intracellularlyalongthe axon,away from
therecordingsite andnot just throughthe membraneaearthe electrode.To achieve space
clamping,the axonwasthreadedvith a silver wire to provide a very low axial resistance,
therebyeliminatinglongitudinalvoltagegradients.

In conjunctionwith the spaceclamp, Cole and colleagueswvere also developing the
voltageclamptechniquehatwould allow the membrangotentialto be maintainedat ary
desiredvoltagelevel. Onemight think this simply would be a matterof connectinga con-
stantvoltagesourceacrosghecell membranaisinga pair of electrodespneinsideandone
outsidethe cell. In practice,this simpleapproactdoesnt work particularlywell because
of unpredictablesoltagedropsthatoccurin the solutionssurroundinghe electrodes.The
techniquethat was eventually developedinvolved two pairs of electrodes.One pair was
usedto monitorthe voltageacrosshe membraneandthe otherwasusedto inject enough
currentto keepthe measuredoltageconstantln orderto keeppacewith therapidchanges
in membrang@ermeabilitytheinjected“clampingcurrent”wascontrolledusingafeedback
ampli er circuit (Fig. 4.2A).

In orderto take full adwantageof the spaceclamp and voltage clamp techniquesijt
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Figure4.1 Firstdirectmeasurementsf membraneotentialin squidgiantaxon. (A) Capillarytube lled
with seawaterhasbeencarefully pusheddovn axonandsenesaselectrodeto measurepotentialdifference
acrossmembrandafterHille 1984).(B) MembranevoltageVy, (in mV) duringactionpotential. Time indicated
by 500 Hz sine wave on oscilloscopescreen. (Adaptedfrom Hodgkin and Huxley (1939); reprintedwith
permissiorfrom Nature, Copyright 1939,MacmillanMagazined.imited.)

wasnecessaryo develop a meandor identifying the individual contrilutionsto I, from
differention speciesWork by HodgkinandKatz (1949)haddemonstratethatbothsodium
and potassiummadeimportantcontritutions to the ionic current. This work also helped
explaintheearlierpuzzlingobsenrationsthatVy, overshootzeroduringtheactionpotential.
In contrastto Bernstein,who imaginedthe action potentialto resultfrom an unbounded
transientincreasein permeabilityfor all ions, Hodgkin and Katz realizedthat bounded
changesn permeabilitiedor differentions could accountfor the obsered changesn Vp,.
In their view, V,, would tendto the Nernstpotentialfor theion to whichthemembranavas
dominantlypermeableandthis dominanceouldchangewith time. Foramembraneatrest,
they agreedwith Bernstein,that the potassiumconductances overriding, and hencethe
restingpotentialis nearEx (about 75mV). But duringthe actionpotentialupstrole, they
postulatedhata dramaticshift took place,causingthe membrando becomemuchmore
permeabl¢o sodiumthanto potassiumHence V,, wouldtendtowardEn, (about 60mV),
and an overshootof zero potentialwould be expected. They predictedand shaved, for
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Figure4.2 Quantitatvemeasurementsf ionic currentsn thesquidgiantaxonusingspaceclampandvoltage
clamptechniques(A) Schematiof setup.Axial wire to imposespaceclamp. Feedbaclampli er for voltage
clampdeliverscurrentto maintainmembrangotentiaV,; atcommandevel \; (adaptedrom Hille 1984).(B)

Current(mA cn?) versugime (mse¢. Low sodiumconcentratiorin batheliminatesna, sothatlk is recorded.
Thensubtractiorfrom total currentin normalsodiumyieldsiyna. Clampingvoltageis 9 mV, from aholding
level of 65mV. (Replotteddatafrom HodgkinandHuxley (1952a).)

example, that the action potentialamplitudedependectritically on the concentratiorof
external sodium; decreasedodiumled to a lower peakfor the action potential. In the
theoreticakectionof their paperthey generalizedhe Nernstequatiorto predictthesteady-
statepotentialwhenthe membranas permeablewith differentdegreesto morethanone
ionic speciesThisequationmodi ed from theearlierderivationby D. Goldman,s widely
appliedin cell biology, andis usuallycalledthe Goldman-Hodgkin-Katzequation.

The “sodium hypothesis’was a major conceptuabdwance. However, the questionof
how the permeabilitychangesveredynamicallylinkedto V;,, wasnotcompletelyaddressed
until the papersof 1952. HodgkinandHuxley realizedthat by manipulatingionic concen-
trationsin the axonandits ervironment,the contrikutions of differentionic conductances
couldbedisentangledprovidedthatthey respondedndependentlyo changesn V, (akey
assumption)By eliminatingsodiumfrom the bathingmedium,l y, becomesiggligible and



34 Chapter 4. The Hodgkin-Huxlgs Model

solk is measuredlirectly. Thenly, canbedeterminedy subtractiorof I from thenormal

responsasshavn in Fig. 4.2B. Using this approachHodgkin andHuxley (1952b)were

ableto demonstrateorvincingly thatthe current o wing acrosghe squidaxonmembrane
had only two majorionic components|na andlx , andthat thesecurrentswere strongly

in uencedby Vy,.

4.3 The Mathematical Model

Giventhis historicalperspectie, we cannow betterappreciatéheinsightsprovided by the
HH model.In thissectionwe presenthemathematicamnodelitself. In subsequerdections
we describesomeof theexperimentghatHodgkinandHuxley performedwhile developing
theirmodel,andwe useGENESISto simulatesomeof thoseexperiments.

4.3.1 Electrical Equiv alent Circuit

The HH modelis basedon the ideathat the electricalpropertiesof a segmentof nene

membranecanbe modeledby an equivalentcircuit of the form shavn in Fig. 4.3. In the

equvalentcircuit, current o w acrossthe membranehastwo major componentspne as-
sociatedwith chaging the membraneapacitanceind one associatedvith the movement
of speci ¢ typesof ionsacrosgshe membraneTheionic currentis furthersubdvidedinto

threedistinctcomponentsa sodiumcurrentl n,, a potassiunturrentl, andasmallleakage
currentl thatis primarily carriedby chlorideions.
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Figure4.3 Electricalequialentcircuit proposedy HodgkinandHuxley for a shortsegmentof squidgiant
axon.Thevariableresistancesepresenvoltage-dependempnductancefHodgkinandHuxley 1952d).
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Thebehaior of anelectricalcircuit of thetypeshavn in Fig. 4.3canbedescribedy a
differentialequationof theform:

dVim

me Iion |e<t (4-1)

whereC,, is the membranecapacitanceVy, is the intracellularpotential(membranepo-
tential), lipn is the netionic current o wing acrossthe membraneandle is anexternally
appliedcurrent.

4.3.2 HH Conventions

Notethattheappearancef l;;, ontheleft-handsideof Eq.4.1andle; ontherightindicates
thatthey have oppositesigncornventions As theequations written, a positve externalcur
rentle¢ will tendto depolarizehecell (i.e.,makeV,,, morepositive) whereas positive ionic
currentlio, will tendto hyperpolarizeghecell (i.e., make Vi, morenegatie). This signcon-
ventionfor ionic currentsis sometimegeferredto asthe physiol@ists' corventionandis
summarizedy the phraséinward negative;” meaningthataninward o w of positive ions
into the cell is considereda negative current. This corventionperhapsarosefrom the fact
thatwhenonestudiesanionic currentin avoltageclampexperiment ratherthanmeasuring
theionic currentdirectly, oneactuallymeasuretheclampcurrentthatis necessaryo coun-
terbalancet. Thusaninward o w of positive ionsis obsered asa negative-goingclamp
current,henceexplainingthe “inward negatve” corvention. While readinglater chapters,
it will be importantto realizethatinternally GENESISusesthe oppositesign corvention
(“inwardpositve”), sincethatallows all currentso betreatedconsistentlywithout making
a specialcasefor ionic currents.In the Squidtutorial in this chapterhowever, currentsare
plottedusingthe physiologists‘corvention.

While we're on thetopic of corventions therearetwo moreissueghatshouldbe dis-
cussedhere.The rst concernghevalueof the membrangotentialVy,. Recallthatpoten-
tials arerelative; only potentialdifferencescanbe measuredlirectly Thuswhende ning
theintracellularpotentialVyy,, oneis freeto choosea corventionthatde nestherestingin-
tracellularpotentialto be zero(the corventionusedby HodgkinandHuxley), or onecould
choosea corventionthat de nes the extracellularpotentialto be zero, in which casethe
restingintracellularpotentialwould be around 70 mV. In eithercasethe potentialdif-
ferenceacrossthe membraneas the same;it's simply a matterof how “zero” is de ned.
GENESISallows the userto chooseary corventionthey like; in the Squidtutorial we use
theHH cornventionthattherestingmembrangotentialis zero.

The secondcorventionwe needto discussconcernghe sign of the membranepoten-
tial. Themodernconventionis thatdepolarizatiormakesthe membrangotentialV,, more
positive. However, HodgkinandHuxley (1952d)usethe oppositesign corvention(depo-
larizationnegative) in their paper In the Squidtutorial, we usethe moderncorventionthat
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depolarizationis positive. At aconceptualevel, thechoiceof corventionsfor currentsand
potentialsis inconsequentialhowever, at the implementatiorlevel it mattersa greatdeal,
sincegettingoneof the signswrongwill causethe modelto behae incorrectly The most
importantthing in choosingcorventionsis to ensurethat the choicesare internally self-
consistentOnemustpay carefulattentionto theseissuesvhenimplementinga GENESIS
simulationusingequationfrom a publishedmodel, sinceit may be necessaryo corvert
the publishedequationsnto aform thatis consistentvith therestof the simulation.

4.3.3 The lonic Current

Thetotal ionic currentlio,, in EqQ. 4.1 is the algebraicsumof the individual contritutions
from all participatingion types:

lion é.lk éGk Vm Ex (4-2)
k k

Eachindividual ionic componenty hasanassociatedonductancealue Gk (conductance
is thereciprocalof resistanceicy 1 R¢) andanequilibriumpotentialEy (the potentialfor
whichthenetionic current o wing acrosgshemembranes zero). Thecurrentis assumedo
be proportionatto the conductancéimesthedriving force, resultingin termsof thegeneral
formly Gk Vim Ex . IntheHH modelof thesquidgiantaxon,therearethreesuchterms:
asodiumcurrently,, apotassiunturrentl, andaleakagecurrentl, :

Iion GNa Vm ENa GK Vm EK GL Vm EL (4-3)

In orderto explain their experimentaldata,Hodgkin and Huxley postulatedhat Gy,
and G changeddynamicallyasa function of membranevoltage. Today we know that
the basisfor this voltage-dependencean be tracedto the biophysicalpropertiesof the
membranechannelghat controlthe o w of ions acrossthe membrane.lt is importantto
remembethatat thetime HodgkinandHuxley developedtheir model,therewasvery little
informationavailableaboutthe biophysicalstructureof membraner the molecularevents
underlyingneuralexcitability. The modernconceptof ion-selectie membranechannels
controllingthe o w of ionsacrosghe membranavasonly oneof severalcompetingideas
atthetime. An importantaccomplishmentf the HH modelwasto rule out several of the
alternatve ideasthathadbeenproposedtoncerningnembranexcitability.

AlthoughHodgkinandHuxley did notknow aboutmembranehannelsvhenthey de-
velopedtheirmodel,it is convenientfor usto describehevoltage-dependemtspect®f their
modelin thoseterms. The macroscopiconductance&y of the HH modelcanbethought
of asarisingfrom the combinedeffectsof alarge numberof microscopidon channelem-
beddedn the membrane.Eachindividual ion channelcanbe thoughtof ascontaininga
smallnumberof physicalgatesthatregulatethe o w of ionsthroughthe channel An indi-
vidual gatecanbein oneof two statespermissiveor non-permissiveWhenall of thegates
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for a particularchannelarein the permissie state,ions canpassthroughthe channeland
thechanneis open If ary of thegatesarein thenon-permissie statejonscannoto w and
thechanneis closed!

Thevoltage-dependenad ionic conductanceis incorporatednto theHH modelby as-
sumingthatthe probabilityfor anindividual gateto bein the permissie or non-permissie
statedepend®nthevalueof themembraneoltage.If weconsidelgatesof aparticulartype
i, we cande ne aprobability p;, rangingbetweerD andl, thatrepresentthe probability of
anindividual gatebeingin the permissie state.If we consideralarge numberof channels,
ratherthanan individual channelwe canalsointerpretp; asthe fraction of gatesin that
populationthatarein thepermissie stateand 1 p; asthefractionin thenon-permissie
state. Transitionsbetweenpermissie and non-permissie statesn the HH modelareas-
sumedo obey rst-order kinetics:

dpi

o &V 1l bi V pi (4.4)

wherea; andb; arevoltage-dependemateconstantslescribinghe“non-permissie to per
missive” and“permissve to non-permissie” transitionrates respecirely. If themembrane
voltageVy, is “clamped”at some x edvalueV, thenthefractionof gatesin the permissie
statewill eventuallyreacha steady-statealue(i.e.,dp; dt 0)ast ¥ givenby:

aj Vv
aj Vv b V

Thetime coursefor approachinghis equilibriumvalueis describedy asimpleexponential
with time constant; V givenby:

pit ¥V (4.5)

1

ti V av bV (4.6)
Whenanindividual channeis open(i.e.,whenall thegatesarein the permissie state),
it contrihutessomesmall, x ed valueto the total conductancend zero otherwise. The
macroscopiacconductancdor a large populationof channelsis thus proportionalto the
numberof channeldn the openstatewhichis, in turn, proportionalto the probability that
theassociatedatesarein their permissie state. Thusthemacroscopiconductanc&y due
to channelsof typek, with constituengatesof typei, is proportionalto the productof the

individual gateprobabilitiesp;:

G &Op (4.7)

LAlthoughit would seemnaturalto speakof gatesasbeingopenor closed a greatdealof confusioncan
be avoidedby consistentlyusingthe terminologypermissiveandnon-permissivéor gateswhile reservingthe
termsopenandclosedfor channels
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wheregy is a normalizationconstantthat determineghe maximumpossibleconductance
whenall the channelsareopen.

We have presentecEqgs. 4.4—4.7using a generalizedhotationthat can be appliedto
a wide variety of conductancebeyond thosefoundin the squidaxon. To conformto the
standardhotationof theHH model,theprobabilityvariablep; in Eqs.4.4—4.6is replacedy
acorvenientnotationin whichthevariablenameis the sameasthegatetype. For example,
HodgkinandHuxley modeledhesodiumconductancesingthreegate<of atypelabeledm
andonegateof typeh. Applying Eq. 4.7 to the sodiumchannelusingboththe generalized
notationandthe standarchotationyields:

GNa g_Na pm3 Pn g_Na m3 h (4-8)

Similarly, the potassiuntonductancé modeledwith four identical“n” gates:

Gk Ok pn* gk n’ (4.9)

Summarizingheionic currentsin the HH modelin standarchotation,we have:

lion OnaMh Vi Ena OkN* Vm Ex QL Vm EL (4.10)
OcITT anV 1 m byV m (4.11)
% anV 1 h bpV h (4.12)
% anV 1 n b,V n (4.13)

The taskthat remainsis to specify exactly how the six rate constantsn Eqs.4.11-4.13
dependonthe membraneroltage. ThenEqgs.4.10—-4.13togethemwith Eg. 4.1, completely
specifythebehaior of themembrangotentialVy, in the model.

4.4 \oltage Clamp Experiments

How did Hodgkin and Huxley go aboutdeterminingthe voltage-dependee of the rate
constants andb thatappeaiin thekineticequation€qgs.4.11-4.13'How did they deter

minethatthe potassiuntonductancshouldoe modeledwith four identicaln gateshut that
the sodiumconductanceequiredthreem gatesandoneh gate?In orderto answerthese
guestionswe needto look in somedetail at the resultsof the voltageclamp experiments
carriedout by HodgkinandHuxley.
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Figure4.4 Experimentaloltageclampdataillustrating voltage-dependemropertiesof the potassiuncon-
ductancen squidgiantaxon. Datapointsareshavn asopencircles. Solid linesarebest- t curvesof theform
givenin Eq.4.20. ThecommandvoltageV. (mV) is shavn ontheright-handsideof eachcurve. Redravn from
HodgkinandHuxley (1952d).

4.4.1 Characterizing the K Conductance

Figure 4.4 shavs somevoltage clampresultsobtainedby Hodgkin and Huxley in which
thetime courseof the potassiuntonductances plottedfor several differentvaluesof the
command/oltage. Themostobvioustrendin thedatais thatthe steady-stat& conductance
level increasesvith increasinggommandvoltage.A secondsomeavhatmoresubtletrendis
thattherising phaseof the conductancehangebecomesnorerapidwith increasingdepo-
larization.For smalldepolarizationentheorderof 20 mV, thehalf-maximumpointoccurs
about5 msecafterthe onsetof the changean voltage,whereador large depolarization®n
theorderof 100mV, the half-maximumpointis reachedn about2 msec

HodgkinandHuxley incorporatedhesevoltage-dependéempropertieof the K conduc-
tanceinto a mathematicamodelby rst writing dovn anequationthatdescribeghe time
evolution of a rst-order kinetic process:

% anV 1 n byVon (4.14)
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In the experimentdllustratedin Fig. 4.4,the membrangotentialstartsin the restingstate
(Vm = 0) andis theninstantaneouslgteppedo a new clampvoltageV.. Whatis thetime
courseof the statevariablen underthesecircumstances?nitially, with V, = 0, the state
variablen hasarestingvaluegivenby Eq. 4.5,

an0
o — 4.15
™Y a0 by (4.15)
WhenV,, is clampedo V;, n will eventuallyreacha steady-statealuegivenby
an Ve
Y/ _— 4.16
My Ve an Ve b Ve ( )

Thesolutionto Eq.4.14thatsatis estheseboundaryconditionsis a simpleexponentialof
theform
nt mVe mV, nOeth (4.17)
where 1
th Ve a Ve bive (4.18)
Given Eq. 4.17,which describeghe time courseof n in responsdo a stepchangen
commandvoltage,onecouldtry tting curvesof thisform to the conductanceatashavn
in Fig. 4.4by nding valuesofny 0 ,ny V. ,andt, V. thatgivethebestt tothedatafor
eachvalueof V. Figure4.5illustratesthis processysingsomesimulatedconductanceata
generatedby the Hodgkin-Huxlgy model.Recallthatn takeson valuesbetweerD and1l, so
in orderto t theconductanceata,n mustbemultiplied by anormalizatiorconstangk that
hasunitsof conductancefor simplicity, thenormalizedconductanc&y g is plotted. The
dottedline in Fig. 4.5 shavs the best- t resultsfor a simpleexponentialcurve of the form
givenin Eq.4.17.Althoughthis simpleform doesareasonablgb of capturingthegeneral
time courseof the conductancehangeit fails to reproducehe S-shapedsigmoidal)trend
in the data. This discrepang is mostapparennearthe onsetof the conductancehange,
shawvn in the insetof Fig. 4.5. Hodgkin and Huxley realizedthat a more sigmoidaltime
coursecouldbegeneratedf they consideredhe conductancéo beproportionalto a higher
power of n. Figure4.5shavs theresultsof tting theconductancelatausingsuccessely
higherpowers p. Usingthis sortof tting procedureHodgkinandHuxley determinedhat
areasonable totheirK conductancelatacouldbeobtainedusingavalueof p 4. Thus
they arrivedat a descriptionfor the K conductancgivenby

GK g_K n4 (4.19)

in which casethe equationdescribinghe conductancehangeandsatisfyingthe appropri-
ateboundaryconditionsis

Gk GeVe 1% GyV. 1% Gyo léetthd (4.20)
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1.0r

K conductance (normalized)

Figure4.5 Best-t curwesof theform Gy  gknP (p = 1-4)for simulatedconductance’s. time data(open
circles). Theinsetshavs an enlagementof the rst millisecondof the responseTheinitial in ection in the
curve cannotbewell t by asimpleexponential(dottedline) thatriseslinearly from zero. Successiely higher
powersof p(p 2: dot-dashedp 3: dashedine) resultin abetter t to theinitial in ection. In this case,
p 4(solidline) givesthebestt.

whereGy 0 is theinitial conductancand Gy V; Is the steady-stateonductancealue
attainedwhenthe commandvoltageis steppedo V.. Thesolid linesin Fig. 4.4 shav the
best- t resultsobtainedby HodgkinandHuxley for their data.

4.5 GENESIS: Voltage Clamp Experiments

In orderto developa betterunderstandingf the proceduresutlinedabore we will usethe
Squidtutorial to simulatea voltageclampexperimentof the typethatHodgkinandHuxley
usedto characterizéhe potassiunconductanceChangeo the Scripts/squidlirectoryand
startthe Squidtutorial by typing “ ” Whenthe tutorial rst loads,the
simulationis in the currentclampmode. To switch to the voltageclampmode,click the

button. The rst simulationexperimentwill beto holdthe
membrangotentialat the restingpotentialfor a coupleof milliseconds(sowe canseethe
baselinelandthenrapidly clampit to 50 mV above therestingpotential.In this simulation,
we measure/oltageswith respecto therestingpotential,sowe de ne therestpotentialto
beO volts, ratherthan 70mvV
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Figure4.6 Thetime courseof thevoltageclampsignal. Theseguantitiescanbe setin the
controlpanel.

Figure 4.6 de nes the quantitiesthat are set by the control
panel.Make surethey aresetto thefollowing:

Now runthesimulationby clicking followedby . Yourdisplayshouldlook sim-
ilar to thatshavn in Fig. 4.7. The plot at the upperleft shavs boththe commandvoltage
which is appliedto the voltage clamp circuitry andthe resultingmembranegootential. If
everythingis working properly thesetwo curvesshouldbe almostidentical,sincetheidea
of thevoltageclampis thatthe membranevoltageshouldexactly follow the commandrolt-
age. Thelower left plot shaws the injection current(clamp current)usedto maintainthe
desiredvoltage. The time courseof the clampcurrenthasthreecomponentsa very brief
positive-goingspike at the onsetof the voltagechangerelatedto the chaging of the mem-
branecapacitancea transientneggative (inward) currentassociatedvith the sodiumcon-
ductanceand nally a sustainegositive (outward) currentassociatedvith the potassium
conductanceThe quantitiesshavn in thetwo left panelsareexperimentabbserablesand
wereaccessibléo HodgkinandHuxley in their experimentswhereaghetwo right panels
on your screershav quantitiesthatarenot directly obserable (channelconductanceand
channekurrents)put whichwe canplot in thesimulationby “peeking” attheinternalstate
of themodel. In thinking aboutthe datathat HodgkinandHuxley hadto work with, keep
in mind thatthe obserablesarecon ned to thetwo left panels.
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Figure4.7 A voltageclampexperimentusingthe Squidtutorial. Upperleft: membranesoltageandclamp
voltage;lower left: clampcurrent;upperright: NaandK channekonductancedower right: NaandK channel
currents.

In orderto studytheK conductancalone,HodgkinandHuxley replacedNain the ex-
ternalbathingsolutionwith animpermeanton, thuseliminatingmostof theNacontritution
to themeasuredurrents We have aneveneasiemway of gettingrid of thesodiumcurrentin
thesimulation:click thetogglebuttonlabeled” , sothatit reads
“ . Now rerunthesimulation.Notethatthe clampcurrentnolonger
shawvs thetransienneggative (inward) currentassociateavith the Na conductance.

Now let's do avoltageclampseriesto characterizéhe K conductanceWe'll startwith
alargevoltagestep(sowe canadjustgraphscalesandwork ourway down throughaseries
of smallervalues.Changethe dialogboxvalueto 100mV andrerunthe
simulation. (Don't forgetto hit “Return” after changingthe contentsof the dialog box!)
Notice thatvaluesin someof the plots go off scale. To correctthis situation,we canuse
the buttonsin the upperleft-handcornerof eachdisplay For example,to adjust
the scalefor the clampcurrent,click the button onthelower left graph,set to
30, andthenclick . If you want, you canadjustthe scalesof the othergraphsin the
samemanner Sincewe aregoingto performa seriesof simulationsandwe wantto seeall
the resultsplotted simultaneouslywe'll put the graphsinto overlay mode(otherwisethey
getclearedon eachreset).Click thetogglebuttonlabeled* . sothatit reads
“ , Now we're readyto performthe next trial in thevoltageseries.Changehe

to 80 mV, click on , andrerunthe simulation. You shouldseethe
new datasuperimposedn theold data.Now continuethe serieswith clampvoltagesof 60,
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40,and20 mV. Whenyou are nished, theright sideof your displayshouldlook similarto
Fig.4.8.

Figure4.8 Plotsof K conductances. time for a simulatedvoltageclampserieswith Na channelslocked.
Responsesare shovn for ve valuesof the clampvoltage: 20, 40, 60, 80 and 100 mV. Comparewith the
experimentaldatain Fig. 4.4.

4.6 Parameterizing the Rate Constants

Usingthis procedureHodgkinandHuxley wereableto determinghesteady-stateonduc-
tancevaluesny V. andtime constants, V; asa function of commandvoltage. Once
valuesfor ny V; andt, V; have beendeterminedy tting theconductancelata,values
foran Vo andb, V; canbefoundfrom thefollowing relationships:

Y,
an Vv ?¥v (4.21)
n
1 eV
by V % (4.22)
n

The opencirclesin Fig. 4.9 representhe experimentallydeterminedvaluesof ny V; ,
tn Vo, an V¢, andby, V; asafunctionof commandvoltage. Hodgkin andHuxley then
found smoothcurvesthatwentthroughthesedatapoints. The empirically determinedex-
pressiongor therateconstanta, andb,, are:

00110 V

an -
10 V
exp 15~ 1

(4.23)

baV  0125exp V 80 (4.24)
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Figure 4.9 \Voltagedependencef K conductancgparametersn the HH model. (A) Steady-statealue
ny V ; (B) time constant, V (C) rateconstanta V ; and(D) rateconstant V . Opencirclesin (A) and
(B) arebest- t parameterérom voltageclampdataof thetype shawn in Fig. 4.4. Opencirclesin (C) and(D)
arecomputedrom Egs.4.21-4.22 Solidlinesin (C) and(D) areempirical ts to therateconstantlataof the
form givenin Egs.4.23-4.24 Solidlinesin (A) and(B) arethencalculatedrom Egs.4.16and4.18.

If youcompargheseexpressionsvith Eqs.12—13in HodgkinandHuxley (1952d),youwill
notethatthe sign of the membranevoltagehasbeenchangedo correspondo the modern

corvention(seeSec.4.3.2).

4.7 Inactiv ation of the Na Conductance

Thereis animportantqualitatve differencebetweertheNaandtheK conductancehanges
thatareobseredin thesquidaxonundervoltageclampconditions.Namely in responséo
a sustainedsoltageclampstep,the changen Na conductancés transientandonly lastsa
few millisecondswhereaghechangdan K conductancés sustaine@ndlastsaslong asthe
voltageclampis maintained.This effect canbe seenin theupperright panelof Fig. 4.7.
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To explorethe Na conductancehangen moredetail, run the Squidsimulationin volt-
ageclampmodewith and (usethetog-
gle buttonson the control form). Setthe maximumsimulationtime to 10 msecin the

paneland setthe following valuesin the
controlpaneldialogboxes:

Placethe graphsin overlay mode(usethe togglebuttonin the

panel),andobsenre themagnitudeandtime courseof theNaconductancehange
for clampvoltagesbetweenl0 and70 mV. You will notethatthe magnitudeof the peak
conductancéncreasesvith increasingvoltageandthatthetime constant®f therising and
falling phasegienerallypecomeshorter(faster)with increasingvoltage.

In orderto modelthesetransientconductancehangesHodgkin and Huxley needed
to usea systemof differential equationghat was at leastsecond-order Using the same
stratgy asfor the K conductancethey choseto do this by building up the higherorder
responsalynamicsusing a setof variablessuchthat eachobeys rst-order kinetics. To
describehe activation andinactivation phase®f the Na conductancehangerequirestwo
separatstatevariableswhichHodgkinandHuxley labeledm (theactivationvariable)andh
(inactiation). In orderto accuratelycaptureheinitial in ection in theconductancehange,
they foundthatthey hadto raisethe m variableto the third power. Thusthey arrived ata
descriptionfor the Na conductancgivenby

Gna Onamth (4.25)

Following a procedurevery similar to that outlined previously for the K conductance,
Hodgkin and Huxley determinedthe voltage-dependercof the rate constantghat gov-
ernthe activation andinactivation variables. The empirically determinedexpressionghat
they arrivedat for describingam, bm, an andby, are:

0125 V
exp &5~ 1
bnV 4exp V 18 (4.27)

anV  007exp V 20 (4.28)
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1

30V

bhV @——
exp S5~ 1

(4.29)
Again, to beconsistentvith themodernsigncorventionusedn GENESISwe have ipped

the sign of the voltagerelatie to the original Eqgs.20, 21, 23, 24 in HodgkinandHuxley
(1952d).

4.8 Current Injection Experiments

As we have seentheform of the HH modelandthe valuesof the modelparametersvere
all empirically determinedrom voltageclampdata. Therewasno a priori guaranteehat
the model would necessarilybe successfuin predictingthe behaior of the squid axon
underotherexperimentalconditions. Thusit musthave beenextraordinarilysatisfyingfor
Hodgkin and Huxley to seetheir model producerealistic-lookingaction potentialswhen
they numericallysimulatedtheresponseo superthresholdurrentinjections.

Runthe Squidsimulationin currentclamp mode. Make surethat both the Na andK
channelareunblocled. Setthe maximumsimulationtime to 50 msecandsetthefollowing
valuesin the controlpanel:

With this setof parametersjou shouldobsene ashorttrain of actionpotentialsn response
to theinjectedcurrent.Sectiord.9 providessereralsuggeste@xercisedor exploring prop-
ertiesof the HH modelundercurrentclamp conditions,including thresholdbehaior, re-
fractoryperiods,depolarizatiorblock andanodebreakexcitation.

4.9 Exercises

1. In voltageclampmode,generatglotsof peakconductanceersusclampvoltageand
peakcurrentversusclampvoltagefor the Na andK currents.(Characterizéhe Na
andK componentsndividually by usingthe appropriateoggle buttonto block the
other component.) Selectclamp voltagesthat cover the rangefrom 40 mV below
restingpotentialto 140 mV aborve restingpotential. For eachcase,determinethe
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peakconductancendcurrentfrom the graphsandusethemin your plots. Whatis
the generakhapeof the conductances. voltageplots? Whatis the generakhapeof
the currentvs. voltageplots?Whatarethereversalpotentialsfor NaandK?

. In voltageclamp mode,examinethe effect of giving differenthyperpolarizingore-

conditioningpulsesprior to the voltageclampstep. (Suggestegharametersholding
voltage= 0 mV; holdingtime = 5 mseg¢ pre-pulsevoltage=0to 50mV in 10 mvV
steps;pre-pulsetime = 5 mse¢ clampvoltage= 40 mV; clamptime = 20 msec)
Whatis the effect of the pre-conditioningoulseon the Na conductance®n the K
conductance?n the context of the HH model,describethe mechanisnresponsible
for this effect. How mightthis relateto the “after-hyperpolarizabn” thatfollows an
actionpotential?

. In currentclampmode, nd the minimum current(thresholdcurrent)for eliciting a

single action potential. (Suggestedettings: basecurrent= 0 uA; onsetdelayl1 =
5 mseg¢ pulsewidth 1 = 15 mse¢ simulationtime = 20 msec) How “sharp” is the
thresholdphenomenon— canyou nd a value of the injectedcurrentthat givesa
“half-height” actionpotential?lf thethresholdappeardo be“all-or-none; reportthe
minimum fractionalchangein injection currentthat you tested(e.g.,1 partin 100,
1-in-1000,etc.).

. The rheobasecurrentis the minimum currentthat will elicit repetitve ring (i.e.,

generatea train of action potentials). What is the rheobasecurrentfor the Squid
model?(Suggestedettings:basecurrent= 0 pA; onsetdelayl = 5 mse¢ pulsewidth
1 = 95 mse¢ simulationtime = 100 msec) How sharpis the transitionfrom single
spike generatiorto repetitve ring? — Canyou nd avalueof theinjectedcurrent
thatgenerateswo actionpotentialsput doesnt re repetitvely?

. By countingthe numberof spikesgeneratedn a 100 msecwindow, constructa plot

of ring frequeng vs. injectedcurrent,startingat the rheobaseurrentandworking
up to avalueof aboutl10 timesrheobase(Suggestedettings:basecurrent= 0 pA;
onsetdelay 1 = 0 mse¢ pulsewidth 1 = 100 msec¢ simulationtime = 100 msec)
How muchdoesa 10-fold increaséan injectedcurrentincreasehe ring rate?What
happensf youincreasdaheinjectedcurrentto 100timesrheobase?

. In problem3 we saw thatsingleactionpotentialscanbe elicited by small sustained

levels of currentinjection. Singleactionpotentialscanalsobe elicited by transient
pulsesof currentinjection, even whenthe durationof the pulseis shorterthanthe
durationof the action potential. As the lengthof the pulsedecreasediovever, the
amplitudenecessaryo elicit anactionpotentialincreasesGenerate plot of single
spike thresholdcurrentvs. pulsedurationfor pulsewidthsbetweerD.1and2.0msec
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Is therea simplerelationshipbetweenpulsewidth andthresholdcurrent? (Usean
integrationtime stepof 0.01msedor this study)

7. In this problemyou will investigatethe refractory period that follows eachaction
potential. The absoluterefractoryperiodis thetime intenal during which no stim-
ulus, regardlesof strength,is capableof generatinganotheraction potentialin the
axon. The relativerefractoryperiodis the time intenal during which a secondac-
tion potentialcanbe generatedbut which requiresanincreasedtimulusamplitude
in orderto do so. Using the two-pulsecapability of the currentclamp mode,map
out the absoluteand relative refractory periodsof the model by generatinga plot
of thresholdamplitudevs. lateng. Usea pulsewidth of 1 msec How long is the
absoluterefractoryperiod? Therelative refractoryperiod? (Whenmappingout the
absoluterefractoryperiod, make surethat the responsegou call “spikes” are true
“all-or-none” phenomena.)

8. All of theinjection pulsesin the previous currentclamp problemshave beendepo-
larizing. In this problemyouwill look attheeffect of hyperpolarizingcurrentpulses.
Setthe pulseamplitudeto 0 1 pA andsetthe pulsedurationto 5 msec Whathap-
pens?Whatis the threshold,in termsof currentmagnitudeand pulseduration,for
eliciting this so-calledanodebreak excitation? What mechanismén the modelare
responsibldor this behaior? (Hint: look at thetime courseof the statevariablesm,
nandh, usingthe togglebutton.)

9. Setthe basecurrentlevel just above rheobasdo establishrepetitve ring. Now
superimposal mseauration,0.1pA currentpulseatvariouslatenciegangingfrom
5.0to 15.0msec Canyou nd alateng valuethatabolishesherepetitve ring?
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