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The Hodgkin-Huxle y Model

MARK NELSONandJOHNRINZEL

4.1 Intr oduction

Our presentdayunderstandingandmethodsof modelingneuralexcitability have beensig-
ni�cantly in�uencedby the landmarkwork of HodgkinandHuxley. In a seriesof � ve ar-
ticlespublishedin 1952(Hodgkin,Huxley andKatz 1952,HodgkinandHuxley 1952a–d)
theseinvestigators(togetherwith BernardKatz,who wasa coauthorof theleadpaperand
acollaboratorin severalof therelatedstudies)unveiledthekey propertiesof theionic con-
ductancesunderlyingthenerveactionpotential.For thisoutstandingachievement,Hodgkin
andHuxley wereawardedthe1963NobelPrizein PhysiologyandMedicine(sharedwith
JohnEccles,for hisworkonpotentialsandconductancesatmotoneuronsynapses).The�rst
four papersin the seriessummarizean experimentaltour deforce in which Hodgkin and
Huxley broughtto bearnew experimentaltechniquesfor characterizingmembraneprop-
erties. The �nal paperin the seriesplacesthe experimentaldata into a comprehensive
theoreticalframework that formsthebasisof our modernviews of neuralexcitability. For
adiscussionandreview of theseseminalpapers,seeRinzel(1990).

HodgkinandHuxley indeedwereawarethattheir �ndings andideashadbroadimplica-
tions;they implicitly acknowledgedthisby thetitle of their�fth paper(HodgkinandHuxley
1952d),which wastheonly onein theseriesnot to explicitly mentionthesquidby name.
Althoughthesquidgiantaxonultimatelymayhave servedasameansto anend,this is not
to deny the squidher propercredit. Her generosityin providing a technicallyconvenient
preparation— a gargantuanaxon,up to 1 mmin diameter— is oftenacknowledged.Less

29



30 Chapter 4. TheHodgkin-Huxley Model

widely appreciatedis the fortuitousfact that, relative to mostexcitablenerve membrane,
thesquidaxonis a simplesystemwith basicallyonly two typesof voltage-dependentcon-
ductances.Today, we know of many moreconductancetypesthat cancontribute to the
excitability of nervecells(Llinás1988;also,seeChapter7 in thisvolume).Thesquidaxon
membranewasanidealmodelsystem;it presentedasuitablygenericandtractableproblem,
thesolutionof whichgave riseto powerful new techniquesandfundamentalconcepts.

In thischapter, we exploretheHodgkin-Huxley (HH) modelusingaGENESIStutorial
simulationcalledSquid. Beforedescribingthe mathematicalmodel and performingthe
simulations,weprovideabrief historicaloverview, sothatthereadermaybetterappreciate
the scienti�c impact this work hadat the time andhow it hascometo shapeour present
understandingof neuralexcitability. In exploring the HH model in this chapter, we will
only beableto touchon someof thehighlights.For a fuller appreciationof themodel,we
recommendacarefulreadingof theoriginalpaper(HodgkinandHuxley 1952d).Additional
historicalandbiophysicalbackgroundon theHH modelmayalsobefoundin Cole(1968),
Hodgkin(1976),andHille (1984).

4.2 Historical Backgr ound

For perspective,webegin by recountingtheexperimentalevidenceandtheoreticalconcepts
aboutneuralexcitability thatexistedatthetimewhenHodgkinandHuxley weredeveloping
their ideasandtechniques.At thattime, it wasknown thatnerve cellshada low-resistance
cytoplasmsurroundedby a high-resistancemembrane,that the membranehadan associ-
atedelectricalcapacitance,and that therewas an electricalpotentialdifferencebetween
the insideandthe outsideof the cell. It is importantto notethat until about1940,there
wasno way to measurethemembranepotentialdirectly. Prior to thattime,observationsof
nerve cell activity weremadeonly with extracellularelectrodes,which arecapableof de-
tectingelectricalactivity andactionpotentials,but only provide indirectinformationabout
themembranepotentialitself.

A key pieceof experimentaldataon neuralexcitability wasobtainedwhenCole and
Curtis(1939)usedaWheatstonebridgecircuit to obtainthe�rst convincing evidencefor a
transientincreasein membraneconductanceduringanactionpotential.Their resultswere
generallyconsistentwith a popularhypothesisproposedmuchearlierby Bernstein(1902)
that predicteda massive increasein membranepermeabilityduring an action potential.
Bernsteinhad formulatedhis hypothesisby reasoningas follows. It was known that a
cell's membraneseparatedsolutionsof differentionic concentrations,with a muchhigher
concentrationof potassiuminsidethanoutside,andtheoppositefor sodium.By applying
Nernst's theory, Bernsteinwasledto suggestthattherestingmembranewassemipermeable
only to potassium,implying thatat restthemembranepotentialVm shouldbecloseto the
potassiumequilibriumpotentialEK of about 
 75 mV. Then,during activity, he believed
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that a “breakdown” in the membrane's resistanceto all ionic �ux eswould occurandthe
potentialdifferenceacrossthe membraneshoulddisappear;i.e., Vm would tend to zero.
Although theconductanceincreaseobserved by Cole andCurtis (1939)during theaction
potentialwasqualitatively consistentwith Bernstein's hypothesis,the increasewasnot as
largeasonewouldexpectfrom anextensive membranebreakdown.

During a postdoctoralvisit in the U. S. spanning1937–38,Hodgkin establishedties
with Cole's groupat ColumbiaUniversity andworked with themalsoat WoodsHole in
thesummer. He andCurtisalmostsucceededin measuringVm directly by tunnelingalong
thegiantaxonwith a glassmicropipette(Fig. 4.1A). Eventually, bothHodgkinandCurtis
succeededin thisendeavor, albeitwith othercollaborators(CurtisandCole1940,Hodgkin
andHuxley 1939),andthey foundnotonly didVm risetransientlytowardzero,but surpris-
ingly therewasasubstantialovershoot,suchthatthemembranepotentialactuallyreversed
in signat thepeakof theactionpotential(Fig. 4.1B).This resultbroughtinto seriousques-
tion Bernstein's simpleideaof membranebreakdown andprovidedmuchfood for thought
during the spanof World War II whenHodgkin, Huxley, andmany otherscientistswere
involvedin thewareffort.

Furtherinsightsinto thenatureof themembranechangesthatoccurredduringanaction
potentialrequiredthedevelopmentof two importantexperimentaltechniquesreferredto as
thespaceclampandthevoltage clamp. Thespaceclamptechniquewasdevelopedby Mar-
mont (1949)andCole (1949)asa meansof maintaininga uniform spatialdistribution of
membranevoltageVm over theregion of thecell whereonewasattemptingto measurethe
membranecurrent. This could not be accomplishedusingthe intracellularcapillaryelec-
trodetechniquethathadbeendevelopedto directly measuremembranepotentials(Curtis
andCole1940,HodgkinandHuxley 1939).Thetip of thecapillaryelectrodeactedessen-
tially asapointsourceof currentthatwould �o w intracellularlyalongtheaxon,awayfrom
therecordingsiteandnot just throughthemembraneneartheelectrode.To achieve space
clamping,theaxonwasthreadedwith a silver wire to provide a very low axial resistance,
therebyeliminatinglongitudinalvoltagegradients.

In conjunctionwith the spaceclamp, Cole and colleagueswere also developing the
voltageclamptechniquethatwould allow themembranepotentialto bemaintainedat any
desiredvoltagelevel. Onemight think this simply would bea matterof connectinga con-
stantvoltagesourceacrossthecell membraneusingapairof electrodes,oneinsideandone
outsidethe cell. In practice,this simpleapproachdoesn't work particularlywell because
of unpredictablevoltagedropsthatoccurin thesolutionssurroundingtheelectrodes.The
techniquethat waseventuallydevelopedinvolved two pairsof electrodes.Onepair was
usedto monitor thevoltageacrossthemembraneandtheotherwasusedto inject enough
currentto keepthemeasuredvoltageconstant.In orderto keeppacewith therapidchanges
in membranepermeability, theinjected“clampingcurrent”wascontrolledusingafeedback
ampli�er circuit (Fig. 4.2A).

In order to take full advantageof the spaceclamp and voltageclamp techniques,it
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Figure 4.1 First directmeasurementsof membranepotentialin squidgiantaxon. (A) Capillary tube�lled
with seawaterhasbeencarefully pusheddown axonandservesaselectrodeto measurepotentialdifference
acrossmembrane(afterHille 1984).(B) MembranevoltageVm (in mV) duringactionpotential.Timeindicated
by 500 Hz sine wave on oscilloscopescreen. (Adaptedfrom Hodgkin and Huxley (1939); reprintedwith
permissionfrom Nature, Copyright 1939,MacmillanMagazinesLimited.)

wasnecessaryto develop a meansfor identifying the individual contributionsto I ion from
differention species.Workby HodgkinandKatz(1949)haddemonstratedthatbothsodium
andpotassiummadeimportantcontributions to the ionic current. This work alsohelped
explaintheearlierpuzzlingobservationsthatVm overshootszeroduringtheactionpotential.
In contrastto Bernstein,who imaginedthe actionpotentialto result from an unbounded
transientincreasein permeabilityfor all ions, Hodgkin and Katz realizedthat bounded
changesin permeabilitiesfor differentionscouldaccountfor theobserved changesin Vm.
In their view, Vm would tendto theNernstpotentialfor theion to which themembranewas
dominantlypermeable,andthisdominancecouldchangewith time. Foramembraneatrest,
they agreedwith Bernstein,that the potassiumconductanceis overriding, andhencethe
restingpotentialis nearEK (about 
 75 mV). But duringtheactionpotentialupstroke, they
postulatedthat a dramaticshift took place,causingthe membraneto becomemuchmore
permeabletosodiumthanto potassium.Hence,Vm wouldtendtowardENa (about� 60mV),
andan overshootof zeropotentialwould be expected. They predictedand showed, for
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Figure4.2 Quantitativemeasurementsof ioniccurrentsin thesquidgiantaxonusingspaceclampandvoltage
clamptechniques.(A) Schematicof setup.Axial wire to imposespaceclamp.Feedbackampli�er for voltage
clampdeliverscurrentto maintainmembranepotentialVm atcommandlevelVc (adaptedfrom Hille 1984).(B)
Current(mA� cm2) versustime(msec). Low sodiumconcentrationin batheliminatesINa, sothatIK is recorded.
Thensubtractionfrom total currentin normalsodiumyieldsINa. Clampingvoltageis � 9 mV, from a holding
level of � 65mV. (Replotteddatafrom HodgkinandHuxley (1952a).)

example,that the action potentialamplitudedependedcritically on the concentrationof
external sodium; decreasedsodiumled to a lower peakfor the action potential. In the
theoreticalsectionof theirpaper, they generalizedtheNernstequationto predictthesteady-
statepotentialwhenthe membraneis permeablewith differentdegreesto morethanone
ionic species.Thisequation,modi�ed from theearlierderivationby D. Goldman,is widely
appliedin cell biology, andis usuallycalledtheGoldman-Hodgkin-Katzequation.

The “sodium hypothesis”wasa majorconceptualadvance. However, the questionof
how thepermeabilitychangesweredynamicallylinkedtoVm wasnotcompletelyaddressed
until thepapersof 1952.HodgkinandHuxley realizedthatby manipulatingionic concen-
trationsin theaxonandits environment,thecontributionsof differentionic conductances
couldbedisentangled,providedthatthey respondedindependentlyto changesin Vm (akey
assumption).By eliminatingsodiumfrom thebathingmedium,INa becomesnegligible and
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soIK is measureddirectly. ThenINa canbedeterminedby subtractionof IK from thenormal
responseasshown in Fig. 4.2B. Using this approach,Hodgkin andHuxley (1952b)were
ableto demonstrateconvincingly thatthecurrent�o wing acrossthesquidaxonmembrane
hadonly two major ionic components,INa andIK , andthat thesecurrentswerestrongly
in�uencedby Vm.

4.3 The Mathematical Model

Giventhishistoricalperspective, wecannow betterappreciatetheinsightsprovidedby the
HH model.In thissection,wepresentthemathematicalmodelitself. In subsequentsections
wedescribesomeof theexperimentsthatHodgkinandHuxley performedwhile developing
theirmodel,andwe useGENESISto simulatesomeof thoseexperiments.

4.3.1 Electrical Equiv alent Circuit

The HH model is basedon the idea that the electricalpropertiesof a segmentof nerve
membranecanbe modeledby an equivalentcircuit of the form shown in Fig. 4.3. In the
equivalentcircuit, current�o w acrossthe membranehastwo major components,oneas-
sociatedwith charging the membranecapacitanceandoneassociatedwith the movement
of speci�c typesof ionsacrossthemembrane.Theionic currentis furthersubdivided into
threedistinctcomponents,asodiumcurrentINa, apotassiumcurrentIK, andasmallleakage
currentIL thatis primarily carriedby chlorideions.
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Figure 4.3 Electricalequivalentcircuit proposedby HodgkinandHuxley for a shortsegmentof squidgiant
axon.Thevariableresistancesrepresentvoltage-dependentconductances(HodgkinandHuxley 1952d).
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Thebehavior of anelectricalcircuit of thetypeshown in Fig. 4.3canbedescribedby a
differentialequationof theform:

Cm
dVm

dt
� Iion �

Iext �

(4.1)

whereCm is the membranecapacitance,Vm is the intracellularpotential(membranepo-
tential), Iion is thenet ionic current�o wing acrossthemembrane,andIext is anexternally
appliedcurrent.

4.3.2 HH Conventions

Notethattheappearanceof I ion ontheleft-handsideof Eq.4.1andIext ontheright indicates
thatthey haveoppositesignconventions. As theequationis written,apositiveexternalcur-
rentIext will tendto depolarizethecell (i.e.,makeVm morepositive)whereasapositiveionic
currentIion will tendto hyperpolarizethecell (i.e.,makeVm morenegative). Thissigncon-
ventionfor ionic currentsis sometimesreferredto asthephysiologists' conventionandis
summarizedby thephrase“inwardnegative,” meaningthataninward�o w of positive ions
into thecell is considereda negative current.This conventionperhapsarosefrom the fact
thatwhenonestudiesanionic currentin avoltageclampexperiment,ratherthanmeasuring
theionic currentdirectly, oneactuallymeasurestheclampcurrentthatis necessaryto coun-
terbalanceit. Thusan inward �o w of positive ions is observed asa negative-goingclamp
current,henceexplainingthe“inwardnegative” convention. While readinglaterchapters,
it will be importantto realizethat internallyGENESISusestheoppositesign convention
(“inwardpositive”), sincethatallowsall currentsto betreatedconsistently, withoutmaking
a specialcasefor ionic currents.In theSquidtutorial in this chapter, however, currentsare
plottedusingthephysiologists'convention.

While we're on thetopic of conventions, therearetwo moreissuesthatshouldbedis-
cussedhere.The�rst concernsthevalueof themembranepotentialVm. Recallthatpoten-
tials arerelative; only potentialdifferencescanbemeasureddirectly. Thuswhende�ning
theintracellularpotentialVm, oneis freeto choosea conventionthatde�nestherestingin-
tracellularpotentialto bezero(theconventionusedby HodgkinandHuxley), or onecould
choosea convention that de�nes the extracellularpotentialto be zero, in which casethe
restingintracellularpotentialwould be around 
 70 mV. In eithercasethe potentialdif-
ferenceacrossthe membraneis the same;it' s simply a matterof how “zero” is de�ned.
GENESISallows theuserto chooseany conventionthey like; in theSquidtutorial we use
theHH conventionthattherestingmembranepotentialis zero.

The secondconventionwe needto discussconcernsthesign of themembranepoten-
tial. Themodernconventionis thatdepolarizationmakesthemembranepotentialVm more
positive. However, HodgkinandHuxley (1952d)usetheoppositesignconvention(depo-
larizationnegative) in their paper. In theSquidtutorial,we usethemodernconventionthat
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depolarizationis positive. At aconceptuallevel, thechoiceof conventionsfor currentsand
potentialsis inconsequential;however, at the implementationlevel it mattersa greatdeal,
sincegettingoneof thesignswrongwill causethemodelto behave incorrectly. Themost
importantthing in choosingconventionsis to ensurethat the choicesare internally self-
consistent.Onemustpaycarefulattentionto theseissueswhenimplementinga GENESIS
simulationusingequationsfrom a publishedmodel,sinceit may be necessaryto convert
thepublishedequationsinto a form thatis consistentwith therestof thesimulation.

4.3.3 The Ionic Current

The total ionic currentI ion in Eq. 4.1 is the algebraicsumof the individual contributions
from all participatingion types:

Iion � å
k

Ik � å
k

Gk �

Vm 
 Ek ���

(4.2)

Eachindividual ionic componentIk hasanassociatedconductancevalueGk (conductance
is thereciprocalof resistance,Gk �

1� Rk) andanequilibriumpotentialEk (thepotentialfor
whichthenetionic current�o wing acrossthemembraneis zero).Thecurrentis assumedto
beproportionalto theconductancetimesthedriving force,resultingin termsof thegeneral
form Ik �

Gk �

Vm 
 Ek �

. In theHH modelof thesquidgiantaxon,therearethreesuchterms:
asodiumcurrentINa, apotassiumcurrentIK , anda leakagecurrentIL :

Iion �

GNa �

Vm 
 ENa �

� GK �

Vm 
 EK �

� GL �

Vm 
 EL ���

(4.3)

In orderto explain their experimentaldata,Hodgkin andHuxley postulatedthat GNa

andGK changeddynamicallyasa function of membranevoltage. Today, we know that
the basisfor this voltage-dependencecan be tracedto the biophysicalpropertiesof the
membranechannelsthat control the �o w of ions acrossthe membrane.It is importantto
rememberthatat thetimeHodgkinandHuxley developedtheirmodel,therewasvery little
informationavailableaboutthebiophysicalstructureof membraneor themolecularevents
underlyingneuralexcitability. The modernconceptof ion-selective membranechannels
controllingthe�o w of ionsacrossthemembranewasonly oneof severalcompetingideas
at thetime. An importantaccomplishmentof theHH modelwasto rule out severalof the
alternative ideasthathadbeenproposedconcerningmembraneexcitability.

AlthoughHodgkinandHuxley did not know aboutmembranechannelswhenthey de-
velopedtheirmodel,it is convenientfor ustodescribethevoltage-dependentaspectsof their
modelin thoseterms.ThemacroscopicconductancesGk of theHH modelcanbethought
of asarisingfrom thecombinedeffectsof a largenumberof microscopicion channelsem-
beddedin the membrane.Eachindividual ion channelcanbe thoughtof ascontaininga
smallnumberof physicalgatesthatregulatethe�o w of ionsthroughthechannel.An indi-
vidualgatecanbein oneof two states,permissiveor non-permissive. Whenall of thegates
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for a particularchannelarein thepermissive state,ionscanpassthroughthechanneland
thechannelis open. If any of thegatesarein thenon-permissive state,ionscannot�o w and
thechannelis closed.1

Thevoltage-dependenceof ionicconductancesis incorporatedinto theHH modelby as-
sumingthattheprobabilityfor anindividual gateto bein thepermissive or non-permissive
statedependsonthevalueof themembranevoltage.If weconsidergatesof aparticulartype
i, wecande�ne aprobabilitypi , rangingbetween0 and1, thatrepresentstheprobabilityof
anindividual gatebeingin thepermissive state.If weconsidera largenumberof channels,
ratherthanan individual channel,we canalsointerpretpi asthe fraction of gatesin that
populationthatarein thepermissivestateand

�

1 
 pi �

asthefractionin thenon-permissive
state. Transitionsbetweenpermissive andnon-permissive statesin the HH modelareas-
sumedto obey �rst-order kinetics:

dpi

dt �

a i �

V
���

1 
 pi �


 bi �

V
�

pi �

(4.4)

wherea i andbi arevoltage-dependentrateconstantsdescribingthe“non-permissive to per-
missive” and“permissive to non-permissive” transitionrates,respectively. If themembrane
voltageVm is “clamped”at some�x edvalueV, thenthefractionof gatesin thepermissive
statewill eventuallyreachasteady-statevalue(i.e.,dpi � dt

�

0) ast � ¥ givenby:

pi � t � ¥ �

V
���

a i �

V
�

a i �

V
�

� bi �

V
�

�

(4.5)

Thetimecoursefor approachingthisequilibriumvalueis describedby asimpleexponential
with time constantt i �

V
�

givenby:

t i �

V
���

1
a i �

V
�

� bi �

V
�

�

(4.6)

Whenanindividual channelis open(i.e.,whenall thegatesarein thepermissivestate),
it contributessomesmall, �x ed value to the total conductanceandzerootherwise. The
macroscopicconductancefor a large populationof channelsis thus proportionalto the
numberof channelsin theopenstatewhich is, in turn,proportionalto theprobability that
theassociatedgatesarein theirpermissivestate.ThusthemacroscopicconductanceGk due
to channelsof typek, with constituentgatesof typei, is proportionalto theproductof the
individual gateprobabilitiespi :

Gk �

ḡkÕ
i

pi �

(4.7)

1Although it would seemnaturalto speakof gatesasbeingopenor closed, a greatdealof confusioncan
beavoidedby consistentlyusingtheterminologypermissiveandnon-permissivefor gateswhile reservingthe
termsopenandclosedfor channels.
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whereḡk is a normalizationconstantthat determinesthe maximumpossibleconductance
whenall thechannelsareopen.

We have presentedEqs.4.4–4.7using a generalizednotationthat can be appliedto
a wide varietyof conductancesbeyond thosefound in thesquidaxon. To conformto the
standardnotationof theHH model,theprobabilityvariablepi in Eqs.4.4–4.6is replacedby
aconvenientnotationin whichthevariablenameis thesameasthegatetype.For example,
HodgkinandHuxley modeledthesodiumconductanceusingthreegatesof atypelabeledm
andonegateof typeh. Applying Eq.4.7 to thesodiumchannelusingboththegeneralized
notationandthestandardnotationyields:

GNa �

ḡNa pm
3 ph �

ḡNa m3 h
�

(4.8)

Similarly, thepotassiumconductanceis modeledwith four identical“n” gates:

GK �

ḡK pn
4

�

ḡK n4
�

(4.9)

Summarizingtheionic currentsin theHH modelin standardnotation,wehave:

Iion �

ḡNa m3 h
�

Vm 
 ENa �

� ḡK n4
�

Vm 
 EK �

� ḡL �

Vm 
 EL ���

(4.10)

dm
dt �

am �

V
���

1 
 m
�


 bm �

V
�

m
�

(4.11)

dh
dt �

ah �

V
���

1 
 h
�


 bh �

V
�

h
�

(4.12)

dn
dt �

an �

V
���

1 
 n
�


 bn �

V
�

n
�

(4.13)

The task that remainsis to specifyexactly how the six rate constantsin Eqs.4.11–4.13
dependon themembranevoltage.ThenEqs.4.10–4.13,togetherwith Eq.4.1,completely
specifythebehavior of themembranepotentialVm in themodel.

4.4 Volta ge Clamp Experiments

How did Hodgkin and Huxley go aboutdeterminingthe voltage-dependence of the rate
constantsa andb thatappearin thekineticequationsEqs.4.11–4.13?How did they deter-
minethatthepotassiumconductanceshouldbemodeledwith four identicaln gates,but that
the sodiumconductancerequiredthreem gatesandoneh gate?In orderto answerthese
questions,we needto look in somedetail at the resultsof thevoltageclampexperiments
carriedoutby HodgkinandHuxley.
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Figure 4.4 Experimentalvoltageclampdataillustratingvoltage-dependentpropertiesof thepotassiumcon-
ductancein squidgiantaxon.Datapointsareshown asopencircles.Solid linesarebest-�t curvesof theform
givenin Eq.4.20.ThecommandvoltageVc (mV) is shown ontheright-handsideof eachcurve. Redrawn from
HodgkinandHuxley (1952d).

4.4.1 Characterizing the K Conductance

Figure4.4 shows somevoltageclampresultsobtainedby Hodgkin andHuxley in which
the time courseof thepotassiumconductanceis plottedfor severaldifferentvaluesof the
commandvoltage.Themostobvioustrendin thedatais thatthesteady-stateK conductance
level increaseswith increasingcommandvoltage.A second,somewhatmoresubtletrendis
thattherisingphaseof theconductancechangebecomesmorerapidwith increasingdepo-
larization.For smalldepolarizationsontheorderof 20mV, thehalf-maximumpointoccurs
about5 msecaftertheonsetof thechangein voltage,whereasfor largedepolarizationson
theorderof 100mV, thehalf-maximumpoint is reachedin about2 msec.

HodgkinandHuxley incorporatedthesevoltage-dependent propertiesof theK conduc-
tanceinto a mathematicalmodelby �rst writing down anequationthatdescribesthetime
evolutionof a �rst-order kineticprocess:

dn
dt �

an �

V
���

1 
 n
�


 bn �

V
�

n
�

(4.14)
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In theexperimentsillustratedin Fig. 4.4, themembranepotentialstartsin therestingstate
(Vm = 0) andis theninstantaneouslysteppedto a new clampvoltageVc. What is the time
courseof the statevariablen underthesecircumstances?Initially, with Vm = 0, the state
variablen hasa restingvaluegivenby Eq.4.5,

n¥ �

0
���

an �

0
�

an �

0
�

� bn �

0
�

�

(4.15)

WhenVm is clampedto Vc, n will eventuallyreachasteady-statevaluegivenby

n¥ �

Vc ���

an �

Vc �

an �

Vc �

� bn �

Vc �

�

(4.16)

Thesolutionto Eq.4.14thatsatis�estheseboundaryconditionsis a simpleexponentialof
theform

n
�

t
���

n¥ �

Vc �




�

n¥ �

Vc �


 n¥ �

0
� �

e!

t " t n
�

(4.17)

where

t n �

Vc ���

1
an �

Vc �

� bn �

Vc �

�

(4.18)

Given Eq. 4.17,which describesthe time courseof n in responseto a stepchangein
commandvoltage,onecouldtry �tting curvesof this form to theconductancedatashown
in Fig. 4.4by �nding valuesof n¥ �

0
�

, n¥ �

Vc �

, andt n �

Vc �

thatgivethebest�t to thedatafor
eachvalueof Vc. Figure4.5illustratesthisprocess,usingsomesimulatedconductancedata
generatedby theHodgkin-Huxley model.Recallthatn takesonvaluesbetween0 and1, so
in orderto �t theconductancedata,n mustbemultipliedby anormalizationconstantḡK that
hasunitsof conductance.For simplicity, thenormalizedconductanceGk � ḡK is plotted.The
dottedline in Fig. 4.5shows thebest-�t resultsfor a simpleexponentialcurve of theform
givenin Eq.4.17.Althoughthissimpleform doesareasonablejob of capturingthegeneral
timecourseof theconductancechange,it fails to reproducetheS-shaped(sigmoidal)trend
in the data. This discrepancy is mostapparentnearthe onsetof the conductancechange,
shown in the insetof Fig. 4.5. Hodgkin andHuxley realizedthat a moresigmoidaltime
coursecouldbegeneratedif they consideredtheconductanceto beproportionalto ahigher
power of n. Figure4.5shows theresultsof �tting theconductancedatausingsuccessively
higherpowersp. Usingthissortof �tting procedure,HodgkinandHuxley determinedthat
a reasonable�t to their K conductancedatacouldbeobtainedusingavalueof p

�

4. Thus
they arrivedat adescriptionfor theK conductancegivenby

GK �

ḡK n4
�

(4.19)

in whichcase,theequationdescribingtheconductancechangeandsatisfyingtheappropri-
ateboundaryconditionsis

GK �$#%�

G¥ �

Vc � �

1" 4



� �

G¥ �

Vc � �

1" 4



�

G¥ �

0
� �

1" 4
�

e!

t " t n &

4
�

(4.20)
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Figure 4.5 Best-�t curvesof theform Gk '

ḡKnp (p = 1–4) for simulatedconductancevs. time data(open
circles). The insetshows anenlargementof the �rst millisecondof the response.The initial in�ection in the
curve cannotbewell �t by a simpleexponential(dottedline) thatriseslinearly from zero.Successively higher
powersof p (p

'

2: dot-dashed;p
'

3: dashedline) resultin a better�t to the initial in�ection. In this case,
p

'

4 (solid line) givesthebest�t.

whereG¥ �

0
�

is the initial conductanceandG¥ �

Vc �

is the steady-stateconductancevalue
attainedwhenthecommandvoltageis steppedto Vc. Thesolid lines in Fig. 4.4 show the
best-�t resultsobtainedby HodgkinandHuxley for their data.

4.5 GENESIS: Volta ge Clamp Experiments

In orderto developabetterunderstandingof theproceduresoutlinedabove wewill usethe
Squidtutorial to simulateavoltageclampexperimentof thetypethatHodgkinandHuxley
usedto characterizethepotassiumconductance.Changeto theScripts/squiddirectoryand
start the Squid tutorial by typing “ (*),+-)-.0/*.21	3	45/76 .” When the tutorial �rst loads, the
simulationis in the currentclampmode. To switch to the voltageclampmode,click the

8:9

(;(*<%)$=->0<;?A@:B-CED%>	<;?A@:B$F

9

6;) button.The�rst simulationexperimentwill beto holdthe
membranepotentialat therestingpotentialfor a coupleof milliseconds(sowe canseethe
baseline)andthenrapidlyclampit to 50mV above therestingpotential.In thissimulation,
we measurevoltageswith respectto therestingpotential,sowe de�ne therestpotentialto
be0 volts, ratherthan 
 70mV

�
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Figure 4.6 Thetime courseof thevoltageclampsignal.Thesequantitiescanbesetin the GAHJILKNM�OQPSRQITMVUAW

X

H�YJP controlpanel.

Figure 4.6 de�nes the quantitiesthat are set by the =

9

<7ZE?	(*)\[;<;?]@*B^F

9

6*) control
panel.Make surethey aresetto thefollowing:
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9

<7ZE?0(;)`acbd@-=
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)*l,B%4e<:.7)
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<7ZE?	(*) agm%bd@E=

[*<%?]@:B

8

/N@e) agf%bd@�.7)E>

Now run thesimulationby clicking n;oE1	o

8

followedby n0p:q . Yourdisplayshouldlook sim-
ilar to thatshown in Fig. 4.7. Theplot at theupperleft shows both thecommandvoltage
which is appliedto the voltageclampcircuitry andthe resultingmembranepotential. If
everythingis working properly, thesetwo curvesshouldbealmostidentical,sincetheidea
of thevoltageclampis thatthemembranevoltageshouldexactlyfollow thecommandvolt-
age. The lower left plot shows the injection current(clampcurrent)usedto maintainthe
desiredvoltage.The time courseof theclampcurrenthasthreecomponents:a very brief
positive-goingspike at theonsetof thevoltagechangerelatedto thecharging of themem-
branecapacitance,a transientnegative (inward) currentassociatedwith the sodiumcon-
ductance,and�nally a sustainedpositive (outward) currentassociatedwith thepotassium
conductance.Thequantitiesshown in thetwo left panelsareexperimentalobservablesand
wereaccessibleto HodgkinandHuxley in their experiments,whereasthetwo right panels
on your screenshow quantitiesthatarenot directly observable(channelconductancesand
channelcurrents),but whichwecanplot in thesimulationby “peeking”at theinternalstate
of themodel. In thinking aboutthedatathatHodgkinandHuxley hadto work with, keep
in mind thattheobservablesarecon�ned to thetwo left panels.
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Figure 4.7 A voltageclampexperimentusingtheSquidtutorial. Upperleft: membranevoltageandclamp
voltage;lower left: clampcurrent;upperright: NaandK channelconductances;lower right: NaandK channel
currents.

In orderto studytheK conductancealone,HodgkinandHuxley replacedNa in theex-
ternalbathingsolutionwith animpermeantion, thuseliminatingmostof theNacontribution
to themeasuredcurrents.Wehaveaneveneasierwayof gettingrid of thesodiumcurrentin
thesimulation:click thetogglebuttonlabeled“ q:?r>]se?t+;+E)*<h4%+;ue<

9

>]vE)%6 ,” sothatit reads
“ q:?w>Ase?t+;+-);<xu-<

9

>]vE)06 ,” Now rerunthesimulation.Notethattheclampcurrentno longer
shows thetransientnegative (inward)currentassociatedwith theNaconductance.

Now let's do avoltageclampseriesto characterizetheK conductance.We'll startwith
alargevoltagestep(sowecanadjustgraphscales)andwork ourwaydown throughaseries
of smallervalues.Changethe [;<;?]@*Bc=

9

<	Z:?0(*) dialogbox valueto 100mV andrerunthe
simulation. (Don't forget to hit “Return” after changingthe contentsof the dialog box!)
Notice thatvaluesin someof theplotsgo off scale.To correctthis situation,we canuse
the .%>	?;<%) buttonsin the upperleft-handcornerof eachdisplay. For example,to adjust
thescalefor theclampcurrent,click the .0>0?;<0) buttonon thelower left graph,set y,@z?0{ to
30, andthenclick |E}	q;o . If you want,you canadjustthescalesof theothergraphsin the
samemanner. Sincewe aregoingto performa seriesof simulationsandwewantto seeall
the resultsplottedsimultaneously, we'll put thegraphsinto overlaymode(otherwisethey
getclearedon eachreset).Click thetogglebuttonlabeled“ }	~:)

k

<%?	yg}7•;• ,” sothatit reads
“ }7~:)

k

<;?7yg}	q ,” Now we're readyto performthenext trial in thevoltageseries.Changethe
[*<%?]@*Bc=

9

<	ZE?	(*) to 80 mV, click on n*o:1	o

8

, andrerunthesimulation.You shouldseethe
new datasuperimposedontheold data.Now continuetheserieswith clampvoltagesof 60,
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40,and20mV. Whenyouare�nished, theright sideof yourdisplayshouldlook similar to
Fig. 4.8.

Figure 4.8 Plotsof K conductancevs. time for a simulatedvoltageclampserieswith Na channelsblocked.
Responsesareshown for � ve valuesof the clampvoltage: 20, 40, 60, 80 and100 mV. Comparewith the
experimentaldatain Fig. 4.4.

4.6 Parameterizing the Rate Constants

Usingthisprocedure,HodgkinandHuxley wereableto determinethesteady-stateconduc-
tancevaluesn¥ �

Vc �

andtime constantst n �

Vc �

asa function of commandvoltage. Once
valuesfor n¥ �

Vc �

andt n �

Vc �

have beendeterminedby �tting theconductancedata,values
for an �

Vc �

andbn �

Vc �

canbefoundfrom thefollowing relationships:
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(4.21)
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The opencircles in Fig. 4.9 representthe experimentallydeterminedvaluesof n¥ �

Vc �

,
t n �

Vc �

, an �

Vc �

, andbn �

Vc �

asa function of commandvoltage. Hodgkin andHuxley then
foundsmoothcurvesthatwent throughthesedatapoints. Theempiricallydeterminedex-
pressionsfor therateconstantsan andbn are:
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Figure 4.9 Voltagedependenceof K conductanceparametersin the HH model. (A) Steady-statevalue
n¥ €

V • ; (B) time constantt n €

V • (C) rateconstanta
€

V • ; and(D) rateconstantb
€

V • . Opencirclesin (A) and
(B) arebest-�t parametersfrom voltageclampdataof thetypeshown in Fig. 4.4. Opencirclesin (C) and(D)
arecomputedfrom Eqs.4.21–4.22.Solid linesin (C) and(D) areempirical�ts to therateconstantdataof the
form givenin Eqs.4.23–4.24.Solid linesin (A) and(B) arethencalculatedfrom Eqs.4.16and4.18.

If youcomparetheseexpressionswith Eqs.12–13in HodgkinandHuxley (1952d),youwill
notethatthesignof themembranevoltagehasbeenchangedto correspondto themodern
convention(seeSec.4.3.2).

4.7 Inactiv ation of the Na Conductance

Thereis animportantqualitative differencebetweentheNaandtheK conductancechanges
thatareobservedin thesquidaxonundervoltageclampconditions.Namely, in responseto
a sustainedvoltageclampstep,thechangein Na conductanceis transientandonly lastsa
few milliseconds,whereasthechangein K conductanceis sustainedandlastsaslongasthe
voltageclampis maintained.Thiseffect canbeseenin theupperright panelof Fig. 4.7.
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To exploretheNa conductancechangein moredetail,run theSquidsimulationin volt-
ageclampmodewith qE?g>Ase?,+%+-);<E.‚4%+;ue<

9

>]vE)%6 and ƒ„>]s-?,+%+-)*<:.‚ue<

9

>]vE)%6 (usethetog-
gle buttonson the control form). Set the maximumsimulationtime to 10 msecin the

1:/Q@:4-<;?	Z-/

9

+g[

9
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< panelandset the following valuesin the =
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controlpaneldialogboxes:
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Placethegraphsin overlaymode(usethe }	~:)

k

<%?	yg}7q togglebutton in the 1:/Q@:4-<;?	Z-/

9

+

[

9

+:Z

k:9

< panel),andobserve themagnitudeandtimecourseof theNaconductancechange
for clampvoltagesbetween10 and70 mV. You will notethat the magnitudeof thepeak
conductanceincreaseswith increasingvoltageandthatthetime constantsof therising and
falling phasesgenerallybecomeshorter(faster)with increasingvoltage.

In order to model thesetransientconductancechanges,Hodgkin andHuxley needed
to usea systemof differentialequationsthat wasat leastsecond-order. Using the same
strategy as for the K conductance,they choseto do this by building up the higher-order
responsedynamicsusinga setof variablessuchthat eachobeys �rst-order kinetics. To
describetheactivationandinactivationphasesof theNa conductancechangerequirestwo
separatestatevariables,whichHodgkinandHuxley labeledm(theactivationvariable)andh
(inactivation). In orderto accuratelycapturetheinitial in�ection in theconductancechange,
they foundthat they hadto raisethem variableto the third power. Thusthey arrived at a
descriptionfor theNa conductancegivenby

GNa �

ḡNa m3 h
�

(4.25)

Following a procedurevery similar to that outlined previously for the K conductance,
Hodgkin and Huxley determinedthe voltage-dependence of the rate constantsthat gov-
ern theactivation andinactivation variables.Theempiricallydeterminedexpressionsthat
they arrivedat for describingam, bm, ah andbh are:
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Again,to beconsistentwith themodernsignconventionusedin GENESIS,wehave�ipped
thesignof thevoltagerelative to theoriginal Eqs.20, 21, 23, 24 in HodgkinandHuxley
(1952d).

4.8 Current Injection Experiments

As we have seen,theform of theHH modelandthevaluesof themodelparameterswere
all empiricallydeterminedfrom voltageclampdata.Therewasno a priori guaranteethat
the model would necessarilybe successfulin predictingthe behavior of the squid axon
underotherexperimentalconditions.Thusit musthave beenextraordinarilysatisfyingfor
Hodgkin andHuxley to seetheir modelproducerealistic-lookingactionpotentialswhen
they numericallysimulatedtheresponseto superthresholdcurrentinjections.

Run the Squidsimulationin currentclampmode. Make surethat both the Na andK
channelsareunblocked.Setthemaximumsimulationtimeto 50msecandsetthefollowing
valuesin the [,4

k;k
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With thissetof parameters,youshouldobserveashorttrainof actionpotentialsin response
to theinjectedcurrent.Section4.9providesseveralsuggestedexercisesfor exploringprop-
ertiesof the HH modelundercurrentclampconditions,including thresholdbehavior, re-
fractoryperiods,depolarizationblockandanodebreakexcitation.

4.9 Exercises

1. In voltageclampmode,generateplotsof peakconductanceversusclampvoltageand
peakcurrentversusclampvoltagefor the Na andK currents.(CharacterizetheNa
andK componentsindividually by usingthe appropriatetogglebutton to block the
othercomponent.)Selectclampvoltagesthat cover the rangefrom 40 mV below
restingpotentialto 140 mV above restingpotential. For eachcase,determinethe
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peakconductanceandcurrentfrom thegraphsandusethemin your plots. What is
thegeneralshapeof theconductancevs.voltageplots?Whatis thegeneralshapeof
thecurrentvs.voltageplots?Whatarethereversalpotentialsfor NaandK?

2. In voltageclampmode,examinethe effect of giving differenthyperpolarizingpre-
conditioningpulsesprior to thevoltageclampstep.(Suggestedparameters:holding
voltage= 0 mV; holdingtime = 5 msec; pre-pulsevoltage= 0 to 
 50 mV in 10 mV
steps;pre-pulsetime = 5 msec; clampvoltage= � 40 mV; clamptime = 20 msec.)
What is the effect of the pre-conditioningpulseon the Na conductance?On the K
conductance?In thecontext of theHH model,describethemechanismresponsible
for this effect. How might this relateto the“after-hyperpolarization” thatfollows an
actionpotential?

3. In currentclampmode,�nd theminimumcurrent(thresholdcurrent)for eliciting a
singleactionpotential. (Suggestedsettings:basecurrent= 0 µA; onsetdelay1 =
5 msec; pulsewidth 1 = 15 msec; simulationtime = 20 msec.) How “sharp” is the
thresholdphenomenon— canyou �nd a valueof the injectedcurrentthat givesa
“half-height” actionpotential?If thethresholdappearsto be“all-or-none,” reportthe
minimum fractionalchangein injection currentthat you tested(e.g.,1 part in 100,
1-in-1000,etc.).

4. The rheobasecurrentis the minimum currentthat will elicit repetitive �ring (i.e.,
generatea train of action potentials). What is the rheobasecurrentfor the Squid
model?(Suggestedsettings:basecurrent= 0 µA; onsetdelay1 = 5 msec; pulsewidth
1 = 95 msec; simulationtime = 100msec.) How sharpis the transitionfrom single
spike generationto repetitive �ring? — Canyou �nd a valueof theinjectedcurrent
thatgeneratestwoactionpotentials,but doesn't �re repetitively?

5. By countingthenumberof spikesgeneratedin a 100msecwindow, constructa plot
of �ring frequency vs. injectedcurrent,startingat therheobasecurrentandworking
up to a valueof about10 timesrheobase.(Suggestedsettings:basecurrent= 0 µA;
onsetdelay1 = 0 msec; pulsewidth 1 = 100 msec; simulationtime = 100 msec.)
How muchdoesa 10-fold increasein injectedcurrentincreasethe�ring rate?What
happensif you increasetheinjectedcurrentto 100timesrheobase?

6. In problem3 we saw thatsingleactionpotentialscanbeelicitedby smallsustained
levelsof currentinjection. Singleactionpotentialscanalsobeelicitedby transient
pulsesof currentinjection, even whenthe durationof the pulseis shorterthanthe
durationof the actionpotential. As the lengthof the pulsedecreases,however, the
amplitudenecessaryto elicit anactionpotentialincreases.Generatea plot of single
spike thresholdcurrentvs. pulsedurationfor pulsewidthsbetween0.1and2.0msec.
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Is therea simplerelationshipbetweenpulsewidth andthresholdcurrent? (Usean
integrationtimestepof 0.01msecfor thisstudy.)

7. In this problemyou will investigatethe refractory period that follows eachaction
potential. Theabsoluterefractoryperiodis the time interval duringwhich no stim-
ulus, regardlessof strength,is capableof generatinganotheractionpotentialin the
axon. The relativerefractoryperiodis the time interval during which a secondac-
tion potentialcanbegenerated,but which requiresan increasedstimulusamplitude
in orderto do so. Using the two-pulsecapabilityof the currentclampmode,map
out the absoluteand relative refractoryperiodsof the model by generatinga plot
of thresholdamplitudevs. latency. Usea pulsewidth of 1 msec. How long is the
absoluterefractoryperiod?Therelative refractoryperiod?(Whenmappingout the
absoluterefractoryperiod,make surethat the responsesyou call “spikes” are true
“all-or-none”phenomena.)

8. All of the injectionpulsesin theprevious currentclampproblemshave beendepo-
larizing. In thisproblemyouwill look at theeffectof hyperpolarizingcurrentpulses.
Setthepulseamplitudeto 
 0

�

1 µA andsetthepulsedurationto 5 msec. Whathap-
pens?What is the threshold,in termsof currentmagnitudeandpulseduration,for
eliciting this so-calledanodebreakexcitation? Whatmechanismsin themodelare
responsiblefor this behavior? (Hint: look at thetime courseof thestatevariablesm,
n andh, usingthe 1	Z:?	Z:)

j

<

9

Z^=e/;.%/]u-<%) togglebutton.)

9. Set the basecurrent level just above rheobaseto establishrepetitive �ring. Now
superimposea1 msecduration,0.1µAcurrentpulseatvariouslatenciesrangingfrom
5.0to 15.0msec. Canyou �nd a latency valuethatabolishestherepetitive �ring?
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